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GRADED INTEGRAL DOMAINS WHICH ARE UMT-DOMAINS
GYU WHAN CHANG AND PARVIZ SAHANDI
Abstract. Let Γ be a torsionless commutative cancellative monoid, R =
⊕
α∈ΓRα be a Γ-graded integral domain, and H be the set of nonzero ho-
mogeneous elements of R. In this paper, we show that if Q is a maximal
t-ideal of R with Q∩H = ∅, then RQ is a valuation domain. We then use this
result to give simple proofs of the facts that (i) R is a UMT-domain if and
only if RQ is a quasi-Pru¨fer domain for each homogeneous maximal t-ideal
Q of R and (ii) R is a PvMD if and only if every nonzero finitely generated
homogeneous ideal of R is t-invertible, if and only if RQ is a valuation domain
for all homogeneous maximal t-ideals Q of R. Let D[Γ] be the monoid domain
of Γ over an integral domain D. We also show that D[Γ] is a UMT-domain if
and only if D is a UMT-domain and the integral closure of ΓS is a valuation
monoid for all maximal t-ideals S of Γ. Hence, D[Γ] is a PvMD if and only if
D is a PvMD and Γ is a PvMS.
1. Introduction
Let Γ be a torsionless commutative cancellative monoid, R =
⊕
α∈ΓRα be a
Γ-graded integral domain, and H be the set of nonzero homogeneous elements of
R. In [8], the first-named author generalized the notion of UMT-domains to graded
integral domains R such that RH is a UFD as follows: (i) A nonzero prime ideal Q
of R is an upper to zero in R if Q = fRH ∩R for some f ∈ R and (ii) R is a graded
UMT-domain if every upper to zero in R is a maximal t-ideal of R. (Necessary
definitions and notations will be reviewed in Sections 1.1 and 1.2.) Among other
things, he showed that if R has a unit of nonzero degree, then R is a graded UMT-
domain if and only if R is a UMT-domain. In [20], the second-named author with
Hamdi also studied graded integral domains which are also UMT-domains (in a
more general setting of semistar operations). In particular, they proved that R is
a UMT-domain if and only if RQ is a quasi-Pru¨fer domain (i.e., a UMT-domain
whose maximal ideals are t-ideals) for all homogeneous maximal t-ideals Q of R, if
and only if Q = (Q∩R)[X ] for all prime ideals Q of the polynomial ring R[X ] with
Q ⊆ P [X ] for some homogeneous prime t-ideal P of R. This paper is a continuation
of our study of graded integral domains which are UMT-domains.
More precisely, in Section 2, we show that if Q is a maximal t-ideal of R with
Q∩H = ∅, then RQ is a valuation domain. Then, among other things, we use this
result to give simple proofs of the facts that (i) R is a UMT-domain if and only
if RQ is a quasi-Pru¨fer domain for each homogeneous maximal t-ideal Q of R and
(ii) R is a PvMD if and only if every nonzero finitely generated homogeneous ideal
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of R is t-invertible, if and only if RQ is a valuation domain for all homogeneous
maximal t-ideals Q of R. Let D[Γ] be the monoid domain of Γ over an integral
domain D. In Section 3, we prove that D[Γ] is a UMT-domain if and only if D is a
UMT-domain and the integral closure of ΓS is a valuation monoid for all maximal
t-ideals S of Γ. Hence, we recover that D[Γ] is a PvMD if and only if D is a PvMD
and Γ is a PvMS [1, Proposition 6.5].
1.1. The t-operation and UMT-domains. Let D be an integral domain with
quotient field K and F (D) be the set of nonzero fractional ideals of D. An overring
of D means a subring of K containing D. Let T be an overring of D and P be
a prime ideal of D. Then D \ P is a multiplicative set of both D and T , and
throughout this paper, we denote TP = TD\P as in the case of DP = DD\P .
For A ∈ F (D), let A−1 = {x ∈ K | xA ⊆ D}. Then A−1 ∈ F (D), and so
we can define Av = (A
−1)−1. The t-operation is defined by At =
⋃
{Iv | I ⊆
A is a nonzero finitely generated ideal of D} and the w-operation is defined by
Aw = {x ∈ K | xJ ⊆ A for some nonzero finitely generated ideal J of D with
Jv = D}. Clearly, A ⊆ Aw ⊆ At ⊆ Av for all A ∈ F (D). An A ∈ F (D) is called
a t-ideal (resp., w-ideal) if At = A (resp., Aw = A). A t-ideal (resp., w-ideal) is
a maximal t-ideal (resp., maximal w-ideal) if it is maximal among proper integral
t-ideals (resp., w-ideals). Let t-Max(D) be the set of maximal t-ideals of D. It is
well known that t-Max(D) 6= ∅ when D is not a field and t-Max(D) = w-Max(D),
the set of maximal w-ideals of D. Also, if ∗ = t, w, then each maximal ∗-ideal is a
prime ideal; each proper ∗-ideal is contained in a maximal ∗-ideal; and each prime
ideal minimal over a ∗-ideal is a ∗-ideal. An I ∈ F (D) is said to be t-invertible if
(II−1)t = D. We say that D is a Pru¨fer v-multiplication domain (PvMD) if each
nonzero finitely generated ideal of D is t-invertible.
Let X be an indeterminate over D and D[X ] be the polynomial ring over D. A
nonzero prime ideal of D[X ] is said to be an upper to zero in D[X ] if Q∩D = (0).
Clearly, Q is an upper to zero in D[X ] if and only if Q = fK[X ] ∩D[X ] for some
f ∈ D[X ]. As in [22], we say that D is a UMT-domain if every upper to zero in
D[X ] is a maximal t-ideal of D[X ]. It is known that D is a PvMD if and only if
D is an integrally closed UMT-domain [22, Proposition 3.2]; hence UMT-domains
can be considered as non-integrally closed PvMDs. An integral domain is said to
be quasi-Pru¨fer if its integral closure is a Pru¨fer domain [16, Corollary 6.5.14]. It
is known that D is quasi-Pru¨fer if and only if D is a UMT-domain whose maximal
ideals are t-ideals [12, Lemma 2.1 and Theorem 2.4].
Let M be a commutative cancellative monoid. Then, as in the integral domain
case, we can define the t-operation on M , the t-invertiblilty of ideals of M , and
Pru¨fer v-multiplication semigroup (PvMS). The reader can refer to [17, Sections
32 and 34] and [19, Part B] for more on the t-operations on integral domains and
monoids, respectively.
1.2. Graded integral domains. Let Γ be a (nonzero) torsionless commutative
cancellative monoid (written additively) and 〈Γ〉 = {a−b | a, b ∈ Γ} be the quotient
group of Γ; so 〈Γ〉 is a torsionfree abelian group. It is well known that a cancellative
monoid Γ is torsionless if and only if Γ can be given a total order compatible with the
monoid operation [26, page 123]. By a (Γ-)graded integral domain R =
⊕
α∈ΓRα,
we mean an integral domain graded by Γ. That is, each nonzero x ∈ Rα has degree
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α, i.e., deg(x) = α, and deg(0) = 0. Thus, each nonzero f ∈ R can be written
uniquely as f = xα1 + · · ·+ xαn with deg(xαi) = αi and α1 < · · · < αn. A nonzero
x ∈ Rα for every α ∈ Γ is said to be homogeneous.
Let H =
⋃
α∈Γ(Rα \ {0}); so H is the saturated multiplicative set of nonzero
homogeneous elements of R. Then RH , called the homogeneous quotient field of
R, is a 〈Γ〉-graded integral domain whose nonzero homogeneous elements are units.
We say that an overring T of R is a homogeneous overring of R if T =
⊕
α∈〈Γ〉(T ∩
(RH)α); so T is a 〈Γ〉-graded integral domain such that R ⊆ T ⊆ RH . Let R¯
be the integral closure of R. Then R¯ is a homogeneous overring of R (cf. [23,
Theorem 2.10] or [8, Lemma 1.6]). Also, RS is a homogeneous overring of R for a
multiplicative set S of nonzero homogeneous elements of R (with deg(a
b
) = deg(a)−
deg(b) for a ∈ H and b ∈ S).
For a fractional ideal A of R with A ⊆ RH , let A∗ be the fractional ideal of R
generated by homogeneous elements in A; so A∗ ⊆ A. The fractional ideal A is said
to be homogeneous if A∗ = A. A homogeneous ideal (resp., homogeneous t-ideal) of
R is called a homogeneous maximal ideal (resp., homogeneous maximal t-ideal) if it
is maximal among proper homogeneous ideals (resp., homogeneous t-ideals) of R.
It is easy to see that a homogeneous maximal ideal need not be a maximal ideal,
while a homogeneous maximal t-ideal is a maximal t-ideal [3, Lemma 1.2]. Also,
it is easy to see that each proper homogeneous ideal (resp., homogeneous t-ideal)
of R is contained in a homogeneous maximal ideal (resp., homogeneous maximal
t-ideal) of R. A maximal t-ideal Q of R is homogeneous if and only if Q ∩H 6= ∅
[3, Lemma 1.2]; hence Ω = {Q ∈ t-Max(D) | Q∩H 6= ∅} is the set of homogeneous
maximal t-ideals of R.
For f ∈ RH , let C(f) denote the fractional ideal of R generated by the ho-
mogeneous components of f . For a fractional ideal A of R with A ⊆ RH , let
C(A) =
∑
f∈A C(f). It is clear that both C(f) and C(A) are homogeneous frac-
tional ideals of R. Let N(H) = {f ∈ R | C(f)v = R}. It is well known that
if f, g ∈ RH , then C(f)n+1C(g) = C(f)nC(fg) for some integer n ≥ 1 [26]; so
N(H) is a saturated multiplicative subset of R. As in [4], we say that R satisfies
property (#) if C(I)t = R implies I ∩ N(H) 6= ∅ for all nonzero ideals I of R;
equivalently, Max(RN(H)) = {QN(H) | Q ∈ Ω} [4, Proposition 1.4]. It is known
that R satisfies property (#) if R is one of the following integral domains: (i) R
contains a unit of nonzero degree and (ii) R = D[Γ] is the monoid domain of Γ over
an integral domain D [4, Example 1.6]. We say that R is a graded-Pru¨fer domain
if each nonzero finitely generated homogeneous ideal of R is invertible and that R
is a graded-valuation domain if either a
b
∈ R or b
a
∈ R for all a, b ∈ H . Clearly, a
graded-valuation domain is a graded-Pru¨fer domain. The graded integral domain
R is a graded Krull domain if and only if every nonzero homogeneous (prime) ideal
of R is t-invertible [3, Theorem 2.4]. Then R is a Krull domain if and only if R is
a graded Krull domain and RH is a Krull domain [2, Theorem 5.8]. Also, a graded
Krull domain is a PvMD [1, Theorem 6.4].
2. Graded integral domains and UMT-domains
Let Γ be a (nonzero) torsionless commutative cancellative monoid, R =
⊕
α∈ΓRα
be an integral domain graded by Γ, R¯ be the integral closure of R, H be the set of
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nonzero homogeneous elements of R, and N(H) = {f ∈ R | C(f)v = R}. Since R
is an integral domain, we may assume that Rα 6= {0} for all α ∈ Γ.
Lemma 1. ([2, Proposition 2.1]) Let R =
⊕
α∈ΓRα be a graded integral domain
and H be the set of nonzero homogeneous elements of R. Then RH is a completely
integrally closed GCD-domain.
We next give the main result of this section. For the proof of this result, we
recall the following well-known theorem: Let S be a multiplicative set of an integral
domain D. If I is a nonzero ideal of D such that IDS is a t-ideal of DS, then
IDS ∩D is a t-ideal of D [24, Lemma 3.17]. Thus, if Q is a maximal t-ideal of D,
then QDS is a maximal t-ideal of DS if and only if (QDS)t ( DS .
Theorem 2. Let R =
⊕
α∈ΓRα be a graded integral domain, H be the set of
nonzero homogeneous elements of R, and Q be a prime t-ideal of R with C(Q)t = R
(e.g., Q is a maximal t-ideal of R such that Q ∩H = ∅).
(1) RQ is a valuation domain.
(2) QRH is a prime t-ideal of RH . Hence, if Q is a maximal t-ideal of R, then
QRH is a maximal t-ideal of RH .
Proof. (1) Let T = R[X,X−1] be the Laurent polynomial ring over R and N(T ) =
{aXn | a ∈ H and n ∈ Z}. Clearly, T is a (Γ ⊕ Z)-graded integral domain
with deg(aXn) = (α, n) for 0 6= a ∈ Rα and n ∈ Z, and N(T ) is the saturated
multiplicative set of nonzero homogeneous elements of T . Also, QT is a prime
t-ideal of T [21, Proposition 4.3] and QT ∩N(T ) = ∅; so QTN(T ) ( TN(T ). Assume
that (QTN(T ))t = TN(T ). Then there is a nonzero finitely generated subideal J of
Q such that TN(T ) = (JTN(T ))v = (JTN(T ))
−1 = J−1TN(T ).
Let N = {f ∈ T | C(f)v = T }. Since C(Q)t = R, there is a nonzero finitely
generated subideal J ′ of Q such that C(J ′)t = R. Note that T has a unit of nonzero
degree and C(J ′T )t = C(J
′)tT = T ; hence J
′T ∩N 6= ∅. So if I = J +J ′, then I is
a finitely generated subideal of Q such that I−1TN(T ) = (ITN(T ))
−1 = TN(T ) and
I−1TN = (ITN )
−1 = (TN )
−1 = TN . Thus, (IT )
−1 = I−1T ⊆ I−1TN(T ) ∩ I
−1TN =
TN(T ) ∩ TN = T (cf. [4, Lemma 1.2(2)] for the last equality), and so (IT )
−1 = T .
Thus, QT = (QT )t ⊇ (IT )v = T , a contradiction. Therefore, (QTN(T ))t ( TN(T ),
and since TN(T ) is a GCD-domain (so a PvMD) by Lemma 1, (QTN(T ))t = QTN(T ),
and hence TQT = (TN(T ))QTN(T ) is a valuation domain. Note that
TQT = R[X,X
−1]QR[X,X−1] = RQ[X ]QRQ[X] = RQ(X);
so TQT ∩ qf(R) = RQ, where qf(R) is the quotient field of R. Thus, RQ is a
valuation domain.
(2) By (1), RQ is a valuation domain, and hence QRQ is a t-ideal of RQ. Note
that QRH = QRQ ∩ RH . Thus, QRH is a prime t-ideal of RH . Also, if Q is a
maximal t-ideal of R, then QRH is a maximal t-ideal of RH . 
Corollary 3. Let R =
⊕
α∈ΓRα be a graded integral domain such that RH is a
UFD. If Q is a maximal t-ideal of R such that Q ∩H = ∅, then RQ is a rank-one
DVR.
Proof. By Theorem 2, QRH is a prime t-ideal of RH , and since RH is a UFD,
RQ = (RH)QRH is a rank-one DVR. 
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Corollary 4. (cf. [15, Lemma 2.3]) Let D be an integral domain, {Xα} be a
nonempty set of indeterminates over D, and Q be a maximal t-ideal of D[{Xα}]
with Q ∩D = (0). Then D[{Xα}]Q is a rank-one DVR.
Proof. Clearly, if R = D[{Xα}], then R is a graded integral domain such that
RH = K[{Xα, X−1α }] is a UFD, whereK is the quotient field ofD. Also, Q∩D = (0)
implies that either Q ∩H = ∅ or Xα ∈ Q for some α. If Xα ∈ Q, then Q = XαR
because Xα is a prime element, and thus RQ is a rank-one DVR. Next, if Q∩H = ∅,
then RQ is a rank-one DVR by Corollary 3. 
Let T be an overring of an integral domain D. As in [13], we say that T is
t-linked over D if (IT )v = T for each nonzero finitely generated ideal I of D with
Iv = D. Clearly, DS is t-linked over D for every multiplicative set S of D.
Lemma 5. Let T be a homogeneous overring of R =
⊕
α∈ΓRα. Then T is t-linked
over R if and only if Iv = R implies (IT )v = T for all nonzero finitely generated
homogeneous ideals I of R.
Proof. (⇒) Clear.
(⇐) Let A be a nonzero finitely generated ideal of R with Av = R. It suffices
to show that AT * Q for all maximal t-ideals Q of T . Let H be the set of nonzero
homogenous elements of R and let H ′ =
⋃
α∈〈Γ〉((RH)α ∩ T \ {0}) be the set of
nonzero homogeneous elements of T . If Q∩H ′ = ∅, then QH′ is a maximal t-ideal of
TH′ by Theorem 2. Note that QH′ = (Q∩R)RH because RH = TH′ ; so (Q∩R)RH
is a t-ideal of RH . Since (Q∩R)RH ∩R = Q∩R, we have that Q∩R is a t-ideal of
R. Thus, AT * Q. Next, assume that Q∩H ′ 6= ∅; so Q is homogeneous [3, Lemma
1.2]. Clearly, C(A) is finitely generated and C(A)v = R. Hence, (C(A)T )v = T by
assumption, and thus C(A)T * Q. Again, since Q is homogeneous, AT * Q. 
Let D be an integral domain with quotient field K. It is well known that x ∈ K
is integral overD if and only if xI ⊆ I for some nonzero finitely generated ideal I of
D. As the w-operation analog, we say that x ∈ K is w-integral over D if and only
if xIw ⊆ Iw for some nonzero finitely generated ideal I of D. Let D[w] = {x ∈ K | x
is w-integral overD}. Then D[w], called the w-integral closure of D, is an integrally
closed t-linked overring of D [11, Lemma 1.2 and Theorem 1.3(1)]. It is known that
if D′ is an integrally closed t-linked overring of D, then D[w] ⊆ D′ [13, Proposition
2.13(b)].
Theorem 6. Let R =
⊕
α∈ΓRα be a graded integral domain, R¯ be the integral
closure of R, and Ω = {Q ∈ t-Max(R) | Q ∩H 6= ∅}.
(1) R[w] = RH ∩ (
⋂
Q∈Ω R¯Q) =
⋂
Q∈Ω R¯H\Q.
(2) (R[w])H\Q = R¯H\Q for all Q ∈ Ω.
(3) R[w] is a homogeneous t-linked overring of R.
(4) If R satisfies property (#), then R[w] = RH ∩ R¯N(H).
Proof. (1) If Q ∈ Ω, then R¯H\Q ⊆ R¯Q and R¯H\Q is t-linked over R. (For if I is a
nonzero finitely generated homogeneous ideal of R with Iv = R, then I * Q, and
hence I ∩ (H \Q) 6= ∅; so IRH\Q = RH\Q. Hence, (IR¯H\Q)v = IR¯H\Q = R¯H\Q.)
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Hence,
⋂
{R¯H\Q | Q ∈ Ω} is t-linked over R [13, Proposition 2.2], and thus
R[w] = (
⋂
{R¯Q | Q ∈ t-Max(R) with Q ∩H = ∅}) ∩ (
⋂
{R¯Q | Q ∈ Ω})
⊇ RH ∩ (
⋂
{R¯Q | Q ∈ Ω})
⊇
⋂
{R¯H\Q | Q ∈ Ω}
⊇ R[w],
where the first equality is from [11, Theorem 1.3]; the second containment follows
from the fact that if Q is a maximal t-ideal of R with Q∩H = ∅, then H ⊆ R \Q,
and hence RH ⊆ RQ ⊆ R¯Q; the third containment follows from the fact that R¯ is a
homogeneous overring of R; and the fourth containment is from [11, Corollary 1.4]
because
⋂
{R¯H\Q | Q ∈ Ω} is an integrally closed t-linked overring of R. Thus, the
equalities hold.
(2) Clearly, R¯ ⊆ R[w]. Thus, the result is an immediate consequence of (1).
(3) Let Q ∈ Ω. Then R¯H\Q is a homogeneous t-linked overring of R (see the
proof of (1)). Thus, R[w] is a homogeneous t-linked overring of R by (1) and [13,
Proposition 2.2].
(4) Clearly, R¯N(H) ⊆ R¯Q for all Q ∈ Ω, and hence RH ∩ R¯N(H) ⊆ R
[w] by (1).
For the reverse containment, let A be a nonzero finitely generated ideal of R with
Av = R. Then A * Q for all Q ∈ Ω, and thus ARN(H) = RN(H) because R satisfies
property (#); so AR¯N(H) = R¯N(H). Hence, R¯N(H) is an integrally closed t-linked
overring of R. Thus, R[w] ⊆ RH ∩(R¯N(H))
[w] = RH∩R¯N(H) [11, Corollary 1.4]. 
It is known that an integral domain D is a UMT-domain if and only if DP is
quasi-Pru¨fer for all maximal t-ideals P of D, if and only if the integral closure of
DP is a Pru¨fer domain for all maximal t-ideals P of D [15, Theorem 1.5], if and
only if the integral closure of DP is a Be´zout domain for all maximal t-ideals P of
D [6, Lemma 2.2]. Also, if S is a multiplicative set of a UMT-domain D, then DS
is a UMT-domain [15, Proposition 1.2]. The implication of (2) ⇒ (1) of the next
corollary appears in [20].
Corollary 7. The following statements are equivalent for R =
⊕
α∈ΓRα.
(1) R is a UMT-domain.
(2) RQ is quasi-Pru¨fer for all homogeneous maximal t-ideals Q of R.
(3) RQ is a Pru¨fer domain for all homogeneous maximal t-ideals Q of R.
(4) RQ is a Be´zout domain for all homogeneous maximal t-ideals Q of R.
(5) RH\Q is a UMT-domain and QH\Q is a t-ideal for all homogeneous maxi-
mal t-ideals Q of R.
(6) RH\Q is a graded-Pru¨fer domain for all homogeneous maximal t-ideals Q
of R.
(7) R[w] is a PvMD, and (Q∩R)t ( R implies Qt ( R[w] for all nonzero prime
ideals Q of R[w] with Q ∩R homogeneous.
(8) RN(H) is a UMT-domain.
Proof. (1)⇒ (2)⇔ (3) [15, Theorem 1.5].
(2)⇒ (1) Let Q be a maximal t-ideal of R. If Q∩H 6= ∅, then Q is homogeneous,
and hence RQ is quasi-Pru¨fer by assumption. Next, if Q ∩ H = ∅, then RQ is a
valuation domain by Theorem 2. Thus, R is a UMT-domain.
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(2) ⇔ (4) [6, Lemma 2.2].
(1) ⇒ (5) [15, Propositions 1.2 and 1.4].
(5) ⇔ (6) ⇔ (2) [20, Corollary 2.12].
(1) ⇒ (7) [11, Theorem 2.6].
(7) ⇒ (1) Let Q be a nonzero prime ideal of R[w] such that (Q ∩ R)t ( R. If
C(Q ∩ R)t ( R, then there is a homogeneous maximal t-ideal P of R such that
Q ∩R ⊆ C(Q ∩R)t ⊆ P . Then there is a prime ideal M of R[w] such that Q ⊆M
and M ∩R = P [11, Corollary 1.4(3)]; so by assumption, Mt ( R[w]. Since R[w] is
a PvMD, (R[w])M is a valuation domain, and thus (R
[w])Q is a valuation domain.
Thus, Q is a t-ideal of R[w]. Next, let C(Q∩R)t = R. There is a maximal t-ideal P
of R such that Q∩R ⊆ P . Note that (R[w])Q is an overring of RP and C(P )t = R.
Since RP is a valuation domain by Theorem 2, (R
[w])Q is a valuation domain, and
thus Q is a t-ideal. Thus, R is a UMT-domain [11, Theorem 2.6].
(1) ⇒ (8) Clear.
(8)⇒ (2) Let Q be a homogeneous maximal t-ideal of R. Then QN(H) is a t-ideal
[4, Proposition 1.3], and thus RQ = (RN(H))QN(H) is a quasi-Pru¨fer domain. 
Corollary 8. Let R =
⊕
α∈ΓRα be a graded integral domain with property (#).
Then the following statements are equivalent.
(1) R is a UMT-domain.
(2) RN(H) is a quasi-Pru¨fer domain.
(3) RN(H) is a Pru¨fer domain.
Proof. This is an immediate consequence of Corollary 7 because Max(RN(H)) =
{QN(H) | Q is a homogeneous maximal t-ideal of R} and each maximal ideal of
RN(H) is a t-ideal [4, Proposition 1.3(4)]. 
Let D be an integral domain. It is known that D is a PvMD if and only if DP
is a valuation domain for all maximal t-ideals P of D [24, Theorem 3.2]. Also, a
graded integral domain R is a PvMD if and only if every nonzero finitely generated
homogeneous ideal of R is t-invertible [1, Theorem 6.4], if and only if RQ is a
valuation domain for all homogeneous maximal t-ideals Q of R [10, Lemma 2.7],
if and only if every nonzero ideal of R generated by two homogeneous elements is
t-invertible (note that if A,B,C are ideals of D, then (A + B)(B + C)(C + A) =
(A + B + C)(AB + BC + CA)). We next use Theorem 2 to give simple proofs of
these results.
Corollary 9. The following statements are equivalent for R =
⊕
α∈ΓRα.
(1) R is a PvMD.
(2) RQ is a valuation domain for all homogeneous maximal t-ideals Q of R.
(3) R is integrally closed and It = Iw for all nonzero homogeneous ideals I of
R.
(4) Every homogeneous t-linked overring of R is integrally closed.
(5) RH\Q is a graded-valuation domain for all homogeneous maximal t-ideals
Q of R.
(6) RN(H) is a PvMD.
(7) Every nonzero finitely generated homogeneous ideal of R is t-invertible.
Proof. (1) ⇒ (2) Clear.
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(2) ⇒ (1) Note that if Q is a maximal t-ideal of R, then either Q ∩ H = ∅ or
Q is homogeneous; so it suffices to show that if Q is a maximal t-ideal of R with
Q∩H = ∅, then RQ is a valuation domain by assumption. Thus, the result follows
directly from Theorem 2.
(1) ⇒ (3) [24, Theorem 3.5].
(3) ⇒ (1) Let T = R[X,X−1] be as in the proof of Theorem 2. For a, b ∈ H ,
let f = a + bX and g = a − bX . Then C(fg) = (a2, b2)T and C(f)C(g) =
((a, b)T )2 because X is a unit of T . Since R is integrally closed, (a2, b2)wT =
(a2, b2)vT = ((a
2, b2)T )v = C(fg)v = (C(f)C(g))v = (((a, b)T )
2)v = ((a, b)
2)vT =
((a, b)2)wT by assumption (see [1, Theorem 3.5(2)] for the fourth equality), and
hence (a2, b2)w = ((a, b)
2)w. Thus, (a, b) is t-invertible [7, Lemma 4]. Hence, R is
a PvMD.
(1) ⇒ (4) [13, Theorem 2.10].
(4) ⇒ (5) Let Q be a homogeneous maximal t-ideal of R. Then RH\Q is a
homogeneous t-linked overring of R. Note that if T is a homogeneous overring of
RH\Q, then T is t-linked over R by Lemma 5 and the proof of Theorem 6(1); hence
T is integrally closed by assumption. Hence, RH\Q is a graded-Pru¨fer domain [5,
Corollary 3.8], and thus RH\Q is a graded-valuation domain [28, Lemma 4.3].
(5) ⇒ (1) [28, Corollary 4.9].
(1) ⇒ (6) Clear.
(6) ⇒ (2) Let Q be a homogeneous maximal t-ideal of R. Then QN(H) is a
maximal t-ideal of RN(H) [4, Proposition 1.3], and thus RQ = (RN(H))QN(H) is a
valuation domain.
(1) ⇒ (7) Clear.
(7) ⇒ (1) Let I be a nonzero finitely generated ideal of R. It suffices to show
that I is t-locally principal [24, Proposition 2.6]. Let Q be a maximal t-ideal
of R. If Q ∩ H = ∅, then RQ is a valuation domain by Theorem 2, and since
I is finitely generated, IRQ is principal. Next, assume that Q ∩ H 6= ∅; so Q
is homogeneous [3, Lemma 1.2]. Let A =
∑
f∈I C(f). Then, since I is finitely
generated, A is a finitely generated homogeneous ideal of R, and so A is t-invertible
by assumption. Hence, ARQ = xαRQ for a homogeneous component xα of some
f ∈ I [17, Proposition 7.4]. Note that f ∈ I ⊆ IRQ ⊆ ARQ = xαRQ, and thus
f
xα
∈ RQ. Assume that
f
xα
∈ QRQ. Then gf ∈ xαQ for some g ∈ R \ Q. By
[4, Lemma 1.1(1)], C(g)n+1C(f) = C(g)nC(gf) for some integer n ≥ 1, and hence
xαC(g)
n+1 ⊆ C(gf) ⊆ xαQ because xαQ is a homogeneous ideal of R. Therefore,
C(g) ⊆ Q, a contradiction. Thus, f
xα
∈ RQ \ QRQ, and hence xα ∈ IRQ. Thus,
IRQ = xαRQ. 
Let R[X ] be the polynomial ring over R =
⊕
α∈ΓRα. For a polynomial f =
f0 + f1X + · · · + fnXn ∈ R[X ], define the homogeneous content ideal of f by
Af =
∑n
i=0 C(fi). Let N(v) = {f ∈ R[X ] | f 6= 0 and (Af )v = R}. It is
known that N(v) = R[X ]\
⋃
{Q[X ] | Q is a homogeneous maximal t-ideal of R}
is multiplicatively closed and Max(R[X ]N(v)) = {Q[X ]N(v) | Q is a homogeneous
maximal t-ideal of R} [29, Proposition 2.3].
Lemma 10. ([20, Proposition 3.4]) Let R =
⊕
α∈ΓRα be a graded integral domain.
Then R is a UMT-domain if and only if every prime ideal of R[X ]N(v) is extended
from a homogeneous prime ideal of R.
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The next result is a graded integral domain analog of [15, Corollary 1.6] that if
P ⊆ Q are nonzero prime ideals of a UMT-domain such that Q is a t-ideal, then P
is a t-ideal.
Proposition 11. Let R =
⊕
α∈ΓRα be a UMT-domain. If Q is a nonzero prime
ideal of R such that C(Q)t ( R, then Q is a homogeneous prime t-ideal.
Proof. Let M be a maximal t-ideal of R such that C(Q)t ⊆ M . Then M is ho-
mogeneous [3, Lemma 1.2] and Q is a t-ideal [15, Corollary 1.6] because R is a
UMT-domain and Q ⊆ M . Also, Q[X ] ⊆ M [X ], and hence Q[X ] ∩ N(v) = ∅.
Hence, Q[X ]N(v) is a proper prime ideal of R[X ]N(v). Thus, since R is a UMT-
domain, there is a homogeneous prime ideal P of R such that Q[X ]N(v) = P [X ]N(v)
by Lemma 10. Therefore, Q = P is homogeneous. 
Corollary 12. Let R =
⊕
α∈ΓRα be a graded integral domain with property (#).
If R is a UMT-domain, then every prime ideal of RN(H) is extended from a homo-
geneous t-ideal of R.
Proof. Let Q′ be a nonzero prime ideal of RN(H). Then Q
′ = QRN(H) for some
prime ideal Q of R. Note that Q ⊆ M for some homogeneous maximal t-ideal M
of R because R satisfies property (#). Thus, Q is a homogeneous prime t-ideal by
Proposition 11. 
Corollary 13. Let R =
⊕
α∈ΓRα be a UMT-domain, H be the set of nonzero
homogeneous elements of R, and Q be a prime t-ideal of R with Q ∩H = ∅. Then
RQ is a valuation domain.
Proof. Without restriction let Q 6= (0). If C(Q)t ( R, then Q is homogeneous by
Proposition 11, and hence Q ∩ H 6= ∅, a contradiction. Thus, C(Q)t = R, and
hence RQ is a valuation domain by Theorem 2. 
Remark 14. The converse of Corollary 12 is not true in general. For example,
let D be an integral domain which is not a UMT-domain such that each maximal
ideal of D is a t-ideal (e.g., D = Q + Y R[Y ], where Q (resp. R) is the field of
rational (resp. real) numbers and Y is an indeterminate over R). Let K be the
quotient field of D, K[X ] be the polynomial ring over K, and R = D+XK[X ], i.e.,
R = {f ∈ K[X ] | f(0) ∈ D}. Then R is a graded integral domain with property
(#) [9, Corollary 9] and every ideal of RN(H) is extended from a homogeneous
ideal of R [9, Lemma 6 and Corollary 8]. Note that R is not a UMT-domain [15,
Proposition 3.5].
As in [27], we say that R =
⊕
α∈ΓRα is a graded strong Mori domain (graded
SM domain) if R satisfies the ascending chain condition on homogeneous w-ideals.
Clearly, R is a graded SM domain if and only if every homogeneous w-ideal A of
R has finite type, i.e., A = Iw for some finitely generated ideal I of R. It is known
that a graded SM domain satisfies property (#) (see the proof of [4, Theorem 2.7]).
Lemma 15. Let R =
⊕
α∈ΓRα be a graded SM domain and R
∗ be the complete
integral closure of R. Then R[w] = R∗ and R[w] is a graded Krull domain.
Proof. Let Ω be the set of homogeneous maximal t-ideals of R. Note that if
Q ∈ Ω, then RH\Q is a graded Noetherian domain [27, Theorem 3.5], and hence
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RH\Q = (RH\Q)
∗ [27, Lemma 2.3]. Thus, R∗ =
⋂
Q∈Ω(RH\Q)
∗ =
⋂
Q∈ΩRH\Q =⋂
Q∈Ω R¯H\Q = R
[w], where the first equality is from [27, Proof of Corollary 3.6]
and the last equality is by Theorem 6, and hence R[w] is a graded Krull domain
[27, Corollary 3.6]. 
Corollary 16. Let R =
⊕
α∈ΓRα be a graded SM domain. Then the following
statements are equivalent.
(1) R is a UMT-domain.
(2) RN(H) is one-dimensional.
(3) Every overring of RN(H) is a Noetherian domain.
(4) If Q is a nonzero prime ideal of R[w] such that Q ∩R is homogeneous and
(Q ∩R)t ( R, then Qt ( R[w].
Proof. (1)⇒ (2) Let Q be a homogeneous maximal t-ideal of R. Let P be a nonzero
prime ideal of R such that P ⊆ Q. Then P is a homogeneous prime t-ideal by
Proposition 11, and hence P = Jw for some nonzero finitely generated ideal J of R.
If x ∈ P , then xI ⊆ J for some nonzero finitely generated ideal I of R with It = R,
and thus x ∈ xRQ = xIQ ⊆ JQ because I * Q. Therefore, PQ = JQ is finitely
generated. Thus, every prime ideal of RQ is finitely generated, and hence RQ is
Noetherian. Also, since RQ is a quasi-Pru¨fer domain, RQ is one-dimensional [22,
Theorem 3.7]. Note that Max(RN(H)) = {QN(H) | Q is a homogeneous maximal
t-ideal of R} and (RN(H))QN(H) = RQ for all homogeneous maximal t-ideals Q of
R. Thus, RN(H) is one-dimensional.
(2)⇒ (3) If RN(H) is one-dimensional, then every homogeneous maximal t-ideal
of R has height-one. Hence, RN(H) is one-dimensional Noetherian [4, Theorem 2.7],
and thus every overring of RN(H) is Noetherian [25, Theorem 93].
(3)⇒ (1) By [25, Exercise 20, p.64], RN(H) is one-dimensional, and thus RN(H)
is a UMT-domain [22, Theorem 3.7]. Thus, R is a UMT-domain by Corollary 8.
(1) ⇔ (4) This follows directly from Corollary 7 and Lemma 15. 
3. Monoid domains and UMT-domains
Let D be an integral domain with quotient field K, Γ be a torsionless commuta-
tive cancellative monoid with quotient group 〈Γ〉, D¯ be the integral closure of D, Γ¯
be the integral closure of Γ, and D[Γ] be the monoid domain of Γ over D. Clearly,
D[Γ] is a Γ-graded integral domain with deg(aXα) = α for all 0 6= a ∈ D and
α ∈ Γ. Note that D[Γ] = D¯[Γ¯] [18, Theorem 12.10]. Also, D[Γ] satisfies property
(#) [4, Example 1.6]. As in Section 2, let H be the set of nonzero homogeneous
elements of D[Γ] and N(H) = {f ∈ D[Γ] | C(f)v = D[Γ]}.
Theorem 17. The following statements are equivalent for D[Γ].
(1) D[Γ] is a UMT-domain.
(2) D[Γ]N(H) is a quasi-Pru¨fer domain.
(3) D[Γ]N(H) is a Pru¨fer domain.
(4) D is a UMT-domain and Γ¯S is a valuation monoid for all maximal t-ideals
S of Γ.
Proof. (1) ⇔ (2) ⇔ (3) This is an immediate consequence of Corollary 8.
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(1) ⇒ (4) Let P be a maximal t-ideal of D. Then P [Γ] is a homogeneous
maximal t-ideal of D[Γ] [3, Corollary 1.3], and hence D[Γ]P [Γ] is a Pru¨fer domain
by Corollary 7. Note that D[Γ]P [Γ] = DP [Γ]PDP [Γ] = DP [〈Γ〉]PDP [〈Γ〉]. Let I be a
nonzero finitely generated ideal of DP . Then
DP [〈Γ〉]PDP [〈Γ〉] = (IDP [〈Γ〉]PDP [〈Γ〉])(IDP [〈Γ〉]PDP [〈Γ〉])
−1
= (IDP [〈Γ〉]PDP [〈Γ〉])((IDP [〈Γ〉])
−1
PDP [〈Γ〉]
)
= (IDP [〈Γ〉]PDP [〈Γ〉])(I
−1DP [〈Γ〉]PDP [〈Γ〉])
= (II−1)DP [〈Γ〉]PDP [〈Γ〉],
where the first equality holds because D[Γ]P [Γ] is a Pru¨fer domain, the second one
holds by [24, Lemma 3.4], and the third one holds by [14, Lemma 2.3]. Hence,
1 = g
f
for some f ∈ DP [〈Γ〉] \ PDP [〈Γ〉] and g ∈ (II−1)DP [〈Γ〉]. Let cA(h) be the
ideal of an integral domain A generated by the coefficients of h ∈ A[〈Γ〉]. Note that
cDP (f) = DP , and so cDP (f) = DP . Hence, DP = cDP (f) = cDP (g) ⊆ II
−1 ⊆ DP ;
so II−1 = DP . Thus, DP is a Pru¨fer domain.
Next, let S be a maximal t-ideal of Γ. Then D[S] is a homogeneous maximal t-
ideal of D[Γ] [3, Corollary 1.3], and hence D[Γ]D[S] is a Pru¨fer domain by Corollary
7. Note that D[Γ]D[S] = K[Γ]K[S] = K[ΓS]K[SS]; so D[Γ]D[S] = K[ΓS ]K[SS]. Let
α, β ∈ ΓS , J = (α + ΓS) ∪ (β + ΓS), J−1 = {γ − δ | γ, δ ∈ ΓS and (γ − δ) + J ⊆
ΓS}, R = K[ΓS ], and Q = K[SS ]. Note that K[J ] = (Xα, Xβ) is a finitely
generated ideal of R. Then RQ = (K[J ]Q)(K[J ]Q)
−1 = (K[J ]Q)(K[J ]
−1)Q =
(K[J ]Q)(K[J
−1]Q) = K[JJ
−1]Q. Thus, 1 =
g
f
for some g ∈ K[JJ−1] and f ∈
K[ΓS] \ Q, and hence f = g ∈ K[JJ−1]. Note that ΓS is the integral closure of
ΓS ; so ΓS = Ef ⊆ Eg ⊆ JJ−1, where Ef (resp., Eg) is the ideal of ΓS (resp., Γ¯S)
generated by the exponents of f (resp., g). Thus, JJ−1 = ΓS , which means that J
is invertible. Hence, J = α+ ΓS or J = β + ΓS . Thus, ΓS is a valuation monoid.
(4) ⇒ (1) Let Q be a maximal t-ideal of R = D[Γ]. We have to show that RQ is
a quasi-Pru¨fer domain. If Q∩H = ∅, then RQ is a valuation domain by Theorem 2.
Next, if Q∩H 6= ∅, then either Q∩D 6= (0) or {α ∈ Γ | Xα ∈ Q} 6= ∅. Assume that
Q ∩D 6= (0), and let Q ∩D = P . Then P is a maximal t-ideal of D and Q = P [Γ]
[3, Corollary 1.3]. Hence, DP is a Pru¨fer domain by Corollary 7, and hence if
S(H) = {f ∈ DP [〈Γ〉] | C(f) = DP [〈Γ〉]}, then DP [〈Γ〉]S(H) is a Pru¨fer domain [5,
Example 4.2 and Corollaries 4.5 and 6.4]. Note that S(H) = DP [〈Γ〉] \
⋃
{M [〈Γ〉] |
M is a maximal ideal of DP }; so Max(DP [〈Γ〉]S(H)) = {M [〈Γ〉]S(H) | M is a
maximal ideal of DP }, and DP [〈Γ〉]PDP [〈Γ〉] is integral over DP [〈Γ〉]PDP [〈Γ〉]. Thus,
DP [〈Γ〉]PDP [〈Γ〉] = DP [〈Γ〉]S(H) is a Pru¨fer domain.
Finally, assume that Q∩D = (0), and let S = {α ∈ Γ | Xα ∈ Q}. Then S 6= ∅, S
is a maximal t-ideal of Γ, and Q = D[S] [3, Corollary 1.3]. We show that D[Γ]D[S]
is a valuation domain. Indeed, note that D[Γ]D[S] = K[ΓS]K[SS] and K[ΓS ]K[SS] =
K[ΓS ]K[SS]. Clearly, if J is the maximal ideal of ΓS , then K[J ] is a unique prime
ideal of K[ΓS ] lying over K[SS], and hence K[ΓS]K[SS] = K[ΓS ]K[J]. Also, K[J ] is
a maximal t-ideal of K[ΓS]. Note that every finitely generated homogeneous ideal
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of K[ΓS] is principal because ΓS is a valuation monoid; so K[ΓS ] is a PvMD by
Corollary 9. Thus, D[Γ]D[S] = K[ΓS ]K[J] is a valuation domain. 
Corollary 18. If Γ¯ is a valuation monoid (e.g., Γ is a numerical semigroup or a
group), then D[Γ] is a UMT-domain if and only if D is a UMT-domain.
Proof. Let S be a maximal t-ideal of Γ. Then Γ¯S is a valuation monoid, and thus
the result follows directly from Theorem 17. 
Corollary 19. ([15, Theorem 2.4] and [8, Corollary 3.14]) Let D be an integral
domain and {Xα} be a nonempty set of indeterminates over D. Then the following
statements are equivalent.
(1) D is a UMT-domain.
(2) D[{Xα}] is a UMT-domain.
(3) D[{Xα, X−1α }] is a UMT-domain.
Proof. Let Nα be the additive monoid of nonnegative integers and Γ =
⊕
αNα.
Then Γ is a unique factorization monoid,D[Γ] = D[{Xα}], andD[〈Γ〉] = D[{Xα, X−1α }].
Thus, the result is an immediate consequence of Theorem 17. 
We say that Γ is a Pru¨fer v-multiplication semigroup (PvMS) if every finitely
generated ideal of Γ is t-invertible; equivalently, ΓS is a valuation monoid for all
maximal t-ideals S of Γ [19, Theorem 17.2]. Thus, by Theorem 17, we have
Corollary 20. [1, Proposition 6.5] D[Γ] is a PvMD if and only if D is a PvMD
and Γ is a PvMS.
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